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, 2 $R(*, *)$
. $A$ , $v(A),$ $e(A)$
. $A,$ $B$ , $v(B/A)=v(B\cup A)-v(A)$ ,
$e(B/A)=e(B\cup A)-e(A)$ .
, 2 “ ” $p=p(n)$
, $p$
.




(ii) $I=\{1,2, \ldots, n\}$ , $I$
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$G(n,p)$ p $I$ .
(iii) $I=\{1,2, \ldots, n\}$ $G(n,p)$ 1 $\sigma$
$P_{n}^{p}( \sigma)=\sum\{P^{p}(A) : A=(I, R^{A})\models\sigma\}$
.





1(i) $P$ Zero-One Law (Fagin [2])
(ii) $P=n^{-\alpha}$ $\alpha\in(0,1)$ Zero-One Law .
(Shelah-Spencer [7], Baldwin-Shelah [1])
2 $p=n^{-\alpha}$ $\alpha$ Zero-One Law
: $G(n,p)$ $\lim_{narrow}$ $P_{n}^{p}(\sigma)$
, $G(n,p)$ Convergence Law . $\alpha=1$ ,
Zero-One Law Convergence Law
(Lynch [6]). – , $\alpha\in(0,1)$ Convergence Law
(Shelah-Spencer [7]).
2 Generic
$\alpha\in[0,1)$ $A,$ $B$ .
(i) $\delta_{\alpha}(A)$ $:=v(A)-\alpha e(A),$ $\delta(B/A):=\delta(B\cup A)-\delta(A)$ ;
(ii) $A$ closed in $B$ ( $A\leq_{\alpha}B$ ) , $X\subset B-A$
$\delta_{\alpha}(X/A)\geq 0$ . $M$ ,
$X\subset M$ $A\leq_{\alpha}AX$ $A\leq_{\alpha}M$ . , $\alpha$
$\delta_{\alpha}(*),$ $*\leq_{\alpha^{*}}$ $\delta(*),$ $*\leq*$ .
$(\mathrm{i}\mathrm{i}\mathrm{v})\mathrm{K}_{\alpha}:=$ { $\mathrm{A}:\delta(\mathrm{B})\geq 0$ for any $\mathrm{B}\subset \mathrm{A}$ }.
6
3 $\alpha=0$ , $\mathrm{K}_{\alpha}$ , $*\leq_{\alpha^{*}}$
$*\subset*$ .
$\mathrm{K}\subset \mathrm{K}_{\alpha}$ . $\Lambda’I$ K-generic
,
(1) $A\subset_{\omega}\Lambda’I$ $A\in \mathrm{K}$ ;
(2) $A\leq B\in \mathrm{K},$ $\mathrm{A}\leq \mathrm{M}$ $B’\leq M$ $A$ $B$ $B’$
.
$\mathrm{K}\subset \mathrm{K}_{\alpha}$ .
(i) $\mathrm{K}$ , $A\leq B\in \mathrm{K},$ $\mathrm{A}\leq \mathrm{C}\in \mathrm{K}$ , $D\in \mathrm{K}$
$B’\leq D,$ $C’\leq D$ . $B’\cong_{A}B,$ $C’\cong_{A}C$.
(ii) $\mathrm{K}$ , $A\leq B\in \mathrm{K}$ , A $\leq \mathrm{C}\in \mathrm{K}$ ,
$B’\cong_{A}B$ $C^{l}\cong_{A}C$ $B’\oplus_{A}C’\in \mathrm{K}$ . ( $B’\oplus_{A}C’$ ,
$B’\cup C’$ $B’\cap C^{j}=A$ , $R^{B’\cup C’}=R^{B’}\cup R^{C’}$
.)
4 $\mathrm{K}_{\alpha}$ , .
5 $\mathrm{K}\subset \mathrm{K}_{\alpha}$ ,
.
(i) K-generic .
(ii) $\alpha$ $\mathrm{K}$-generic .
(i) $A\leq B\in \mathrm{K}$ $(A, B)$ $\{(A_{i}, B_{i})\}_{i<\omega}$
. , { $D\text{ }<\mathrm{t}v$ :(1)
$D_{0}\leq D_{1}\leq D_{2}\leq\cdots;(2)$ $j\leq i$ , $A\leq D_{j}$ $A\cong D_{j}$
, $AB\cong A_{j}B_{j}$ $B\leq D_{i+1}$ .
$M= \bigcup_{i<\omega}D_{i}$ $\mathrm{K}$-generic .
$(\mathrm{i}\mathrm{i})\alpha$ , generic $M$ $A\subset M$
$A\subset B\leq M$ $B$ . , Back-
and-FOrth 2 generic .
3 Fagin
$A$ , $X\cong A$ $\psi_{A}(X)$ .
7
$\mathrm{K}_{0}$ , $\mathrm{K}_{0}$-generic $\Lambda^{J}I$
$\tau_{0}$ . $s_{0}=\{\forall X(\psi_{A}(X)arrow\exists y\psi_{Ab}(Xy)) : A\subset Ab\in \mathrm{K}_{0}\}$ . $\Lambda l$
$s_{0}$ $s_{0}$ . p $=$
$G(n,p)$ , $T^{0}= \{\sigma : \lim_{narrow 0}P_{n}^{p}(\sigma)=1\}$
6 $S_{\mathit{0}}\vdash T_{0}$ .
$M$ $\mathrm{K}_{0}$-generic , $N$ $s_{0}$ $N_{0}\prec N$
, 5 $N_{0}\cong M$ $N\equiv M$. $S_{0}\vdash T_{0}$ .
7 $\phi\in S_{0}$ , $\lim_{narrow}$ $P_{n}^{p}(\phi)=1$ .
$\phi=\forall X(\psi_{A}(X)arrow\exists y\psi_{Ab}(Xy))$ . $v(A)=m,$ $e(b/A)=l$ .
$P_{n}^{p}(\neg\phi)\leq(n)_{m}(1-p^{l}q^{m-l})^{n-m}arrow 0$ . limn\rightarrow \infty (\mbox{\boldmath $\phi$}) $=1$ .
8 $T_{0}=T^{0}$ .
$T^{0}$ . $\subset T^{0}$
. $\sigma\in T_{0}$ . 6 $\phi_{1},$ $\ldots,$ $\phi_{n}\in S_{0}$ $\phi_{1}\wedge\ldots\wedge\phi_{n}\vdash$
$\sigma$ . $P(\sigma)\geq P(\phi_{1}\wedge\ldots\wedge\phi_{n})\geq P(\phi_{1})+\ldots+P(\phi_{n})-(n-1)arrow 1$ .
$\sigma\in T^{0}$ .
9(Fagin [2]) $P$ Zero-One Law .
4 $T_{\alpha}$
$\alpha\in(0,1)$ , $\mathrm{K}_{\alpha}$-generic $T_{\alpha}$ .
, $S_{\alpha}$ $\langle$ :(1) $\neg\exists X\psi_{A}(X)(A\not\in \mathrm{K}_{\alpha})$ ; (2)
$\forall X(\psi_{A}(X)arrow\exists \mathrm{Y}\psi_{AB}(XY))(A\leq B\in \mathrm{K}_{\alpha})$ . , $\mathrm{K}_{\alpha}$-generic
$S_{\alpha}$ $S_{\alpha}$ .
$p=n^{\alpha}$ $G(n, n^{-\alpha})$ , $T^{\alpha}= \{\sigma : \lim_{narrow 0}P_{n}^{p}(\sigma)=1\}$
.
10 $(\mathrm{I}\mathrm{k}\mathrm{e}\mathrm{d}\mathrm{a}-\mathrm{K}\mathrm{i}\mathrm{k}\mathrm{y}\mathrm{o}-\mathrm{T}\mathrm{s}.\mathrm{u}\mathrm{b}\mathrm{o}\mathrm{i} [4])$ $\alpha\in(0,1)$ $S_{\alpha}\vdash T_{\alpha}$ .
$T_{\alpha}$ \Pi 2- .
8








$X\subset A$ $\delta(X)>\delta(A)$ .
12 $\alpha\in(0,1)$ . ,
(i) $\delta(D)=1$ $D$ ;
(ii) $\alpha=u/t$ , $\delta(E)=1-1/t$ $E$ .
$u,$ $t$ .
(i) 2 .
1:1/2 $<\alpha<1$ . 2 1 $A$
$\delta(A)=2-\alpha$ . $0<\delta(A)-1<1/2$ . $n= \inf\{k$ :
$k-k\alpha\geq 1\}$ , $A$ $n$ 1
$B$ $B$ $\delta(B)=n-n\alpha$ . ,
$n-n\alpha=1$ $B$ $\delta(B)=1$ . $n-n\alpha>1$
$0<\delta(B)-1<1/2$ , $B$
, $\alpha$ $\delta(D)=1$ $D$
.
2: $0<\alpha\leq 1/2$ . $n= \sup\{k : \delta(K_{k})\geq 1\}$ . $\delta(K_{n})=1$
Kn . , Kn –
, $0<\delta(A)-1<1/2$ $A$
. $A$ 1 $\delta(D)=1$
$D$ .
(ii) (i) , $0<\alpha\leq(1-t)/2t$ $(1-t)/2t<\alpha<1$
2 .
$(B, A)$ K\alpha - ,
(i) $A\leq B\in \mathrm{K}_{\alpha}$ ;
(ii) $A\subset C\leq B$ $C=A$ $C=B$.
9
13 $\alpha\in(0,1)$ $\mathrm{K}_{\alpha}$ :
$(^{*})$ K\alpha $(B, A)$ $n$ $A\leq C,$ $\delta(C/A)=$
$0,$ $B\leq_{n}C$ $C\in \mathrm{K}_{\alpha}$ .
$\mathrm{K}_{\alpha}$- $(B, A)$ $n$ . $\delta(B/A)=0$ $C=B$
$\delta(B/A)>0$ . $(B, A)$
$\delta(B/A)\leq 1$ . $\alpha=u/t$ ($u,$ $t$ ) , $\delta(B/A)=$
$k/t$ ( $k$ $0<k\leq t$ ) . 12 $\delta(D)=1$
$D$ $\delta(E)=1-1/t$ $E$ .
$C=B\oplus D_{1}\oplus\cdots\oplus D_{n}\oplus E_{1}\oplus\cdots\oplus E_{k}$
. , $D_{i},$ $E_{j}$ $D,$ $E$ , $X\oplus \mathrm{Y}$ 1
, . $\delta(C/A)=0$ . ( :
$\delta(C/A)=\delta(B/A)+\delta(D_{1}\ldots D_{n}/B)+\delta(E_{1}\ldots E_{k}/D_{n})=k/2+0+(-k/2)=0.)$






$D,$ $E$ $\delta(X/B)\geq 0.)$ $A\leq C\in \mathrm{K}_{\alpha}$ . ( :
$\mathrm{K}_{\alpha}$ $C\in \mathrm{K}_{\alpha}$ . $(B, A)$
$A\leq C$ .)
14 $\alpha\in(0,1)$ $S_{\alpha}\vdash T_{\alpha}$ .
$N$ $\aleph_{0^{-}}\mathrm{s}\mathrm{a}\mathrm{t}\iota 1\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ $S_{\alpha}$ . 5 $N$ generic
. $A\leq B\in \mathrm{K}_{\alpha},$ $\mathrm{A}\leq \mathrm{N}$ . $A=B_{0}\leq B_{1}\leq\ldots\leq$
$B_{k}=B$ closed tower . 13 , $n$
$A\leq C,$ $\delta(C/A)=0,$ $B_{1}\leq_{n}C$ $C\in \mathrm{K}_{\alpha}$ .
$S_{\alpha}(1)$ , $C$ $A$ $N$ , $\delta(C/A)=0$ $C\leq N$
. $B_{1}\leq_{n}C$ $B_{1}\leq_{n}N$ .
$\{X_{1}\leq_{n}N : X\cong_{A}B_{1}, n\in\omega\}$ , $N$ saturation
$B_{1}’\leq N$ $B_{1}$ $A$ $B_{1}’$ . $B_{2},$
$\ldots,$
$B_{k}$
$B$ $A$ closed .
4.2 $\alpha$
15 $\alpha\in(0,1)$ . $\epsilon$ .
(i) $0<\delta(D)-1<\epsilon$ $D$ .
(ii) $-\epsilon<\delta(E)-1<0$ $E$ .
10
12 .
16 $\alpha\in(0,1)$ $\mathrm{K}_{\alpha}$ :
$(^{**})$ $\mathrm{K}_{\alpha}$- $(B, A)$ $n$ $\epsilon$
$A\leq C,$ $\delta(C/A)<\epsilon,$ $B\leq_{n}C$ $C\in \mathrm{K}_{\alpha}$ .
$(B, A)$ $n$ $\epsilon$ . $(B, A)$
$\mathit{5}(B/A)\leq 1$ . $\epsilon_{1}=(1+\epsilon-\delta(B/A))/n$ . 15
, $0<\delta(D)-1<\epsilon_{1}$ $D$ . $\epsilon_{2}<\epsilon$




$C=B\oplus D_{1}\oplus\cdots\oplus D_{n}\oplus E_{1}\oplus\cdots\oplus E_{k}$
. , $D_{i},$ $E_{j}$ $D,$ $E$ . $\delta(C/A)<$
$\epsilon$ $\delta(C/A)=\delta(B/A)+\delta(D_{1}\ldots D_{n}/B)+\delta(E_{1}\ldots E_{k}/D_{n})=\delta(B/A)+$
$n(\delta(D)-1)+k(\delta(E)-1)<\epsilon$ . $B\leq_{n}C$ $A\leq C\in \mathrm{K}_{\alpha}$ 13
. ( , $\delta(E_{1}\oplus\cdots\oplus E_{k})=1+k(\delta(E)-1)>$
$1-k\epsilon_{2}>0$ .)
17 $\alpha\in(0,1)$ $S_{\alpha}\vdash T_{\alpha}$ .
.
: $N$ $S_{\alpha}$ $\aleph_{1^{-}}\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{e}\mathrm{d}$ , $A\leq B\in\overline{\mathrm{K}}_{\alpha},$ $|A|=\aleph_{0},$ $|B-$
$A|<\aleph_{0},$ $A\leq N$ $B’\leq N$ $B$ $A$ $B’$ .
: $B^{*}=B-A$ . $B$ $A$ closed tower $A=B_{0}\leq B_{1}\leq\cdots\leq$
$B_{m}=B$ . $B=B_{1}$ ,
$(B, A)$ . $A$ $A_{n}$
(i) $A= \bigcup_{n<\omega}A$ ,
(ii) $\inf\{\delta(X/A_{n}) : X \mathrm{c}_{\omega}A\}\geq-1/n$ ,
. $n$ . $\epsilon=\inf\{\delta(X/A_{n}B^{*}):|X|\leq$
$n,$ $A_{n}B^{*}\leq XA_{n}B^{*}\in \mathrm{K}_{\alpha}\}$ . $(^{**})$ , $A_{n}\leq C,$ $\delta(C/A_{n})<$
$\epsilon-1/n,$ $A_{n}B^{*}\leq_{n}C$ $C\in \mathrm{K}_{\alpha}$ . $S_{\alpha}(2)$ , $C$ $A_{n}$
11
$N$ . $A_{n}B^{*}\leq_{n}N$
. ( : $X\subset N-A_{n}B^{*}$ $n$ .
$X_{C}=X\cap C,$ $X_{N}=X-C$ . $\delta(X/A_{n}B^{*})=\delta(X_{C}/A_{n}B^{*})+$
$\delta(X_{N}/A_{n}B^{*}X_{C})\geq\delta(X_{C}/A_{n}B^{*})+\delta(X_{N}/C)\geq\epsilon-(\epsilon-1/n).)$
$\{A_{n}X\leq_{n}N:X\cong_{A_{n}}B, n\in\omega\}$ , $N$ saturation





$M,$ $N$ $S_{\alpha}$ $\aleph_{1}$-saturated , Back-and-
Forth $M_{1}\cong N_{1},$ $M_{1}\prec M,$ $N_{1}\prec N$ $M_{1},$ $N_{1}$
. $M\equiv N$ $S_{\alpha}\vdash T_{\alpha}$ .
5 Shelah-SPencer –
$\alpha\in(0,1)$ . $p=n^{-\alpha}$ , $P_{n}^{p}(*)$ $P_{n}^{\alpha}(*)$
.
18 $\phi\in S_{\alpha}$ $\beta\in(0, \alpha]$ :
$\beta’\in[\beta, \alpha]$ $\lim_{narrow\infty}P_{n}^{\beta’}(\phi)=1$ .
.
1: $\phi=\neg\exists X\psi_{A}(X)(A\not\in \mathrm{K}_{\alpha})$ . $\delta(A)=k-l\alpha<0$
. k–113 $<0$ $\beta\in(0, \alpha]$ .
$\beta’\in[\beta, \alpha]$ .
$P_{n}^{\beta’}(\neg\emptyset)\leq(n)_{k}p^{\iota_{q}(\begin{array}{l}k2\end{array})-l}\leq n^{k-l\beta’}arrow 0$ .
$\lim_{narrow\infty}P_{n}^{\beta’}(\phi)=1$ .
2: $\phi=\forall X(\psi_{A}(X)arrow\exists Y\psi_{AB}(XY))$ $(A\leq B\in \mathrm{K}_{\alpha})$ . $v(A)=$




$T^{\leq\alpha}$ 1 $\sigma$ :
$\beta\leq\alpha$ , $\beta’\in[\beta, \alpha]$ $\lim_{narrow\infty}P_{n}^{\beta’}(\sigma)=1$ .
12
19([3]) (i) $\alpha\in(0,1)$ , $T_{\alpha}=T^{\leq\alpha}$ .
(ii) $\alpha\in(0,1)$ , $T^{\alpha}=T^{\leq\alpha}$ .
(i) $T^{\leq\alpha}$ .
$T_{\alpha}\subset T^{\leq\alpha}$ . $\sigma\in T_{\alpha}$ . 10
, $\phi_{1}\wedge\ldots\wedge\phi_{n}\vdash\sigma$ $\phi_{1},$
$\ldots,$
$\phi_{n}\in S_{\alpha}$ . 18 ,
$\phi_{i}$ A $\leq\alpha$ $\beta’\in[\beta_{i}, \alpha]$
$\lim_{narrow\infty}P_{n}^{\beta’}(\phi)=1$ . $\beta=\max\{\beta_{1}, \ldots, \beta_{n}\}$ . $\beta^{j}\in[\beta, \alpha]$
.
$P_{n}^{\beta’}(\sigma)\geq P_{n}^{\beta’}(\phi_{1}\wedge\ldots\wedge\phi_{n})\geq P_{n}^{\beta’}(\phi_{1})+\ldots+P_{n}^{\beta’}(\phi_{n})-(n-1)arrow=1$ .
$\sigma\in T^{\leq\alpha}$ .
(ii) $\alpha$ . $T^{\alpha}\subset T^{\leq\alpha}$ . $\sigma\not\in T^{\leq\alpha}$ .
(i) $\neg\sigma\in T^{\leq\alpha}$ , 10 $\phi_{1}\wedge\ldots\wedge\phi_{n}\vdash\neg\sigma$
$\phi_{1},$
$\ldots,$
$\phi_{n}\in S$ . (i)
$P_{n}^{\alpha}(\neg\sigma)\geq\text{ }P_{n}^{\alpha}(\phi_{1}\wedge\ldots\wedge\phi_{n})arrow 1$ .
$\sigma\not\in T^{\alpha}$ .
20 (Shelah-Spencer [7], Baldwin-Shelah [1]) p $=n^{-\alpha}$
$\alpha\in(0,1)$ Zero-One Law .
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